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Periodically Fully Developed Flow in Channels with
Conducting Blockages

S. H. Kim* and N. K. Anand?
Texas A&M University, College Station, Texas 77843

The numerical treatment of periodically fully developed flow in channels with conducting blockages is pre-
sented. The significance of the second source term d(Ko)/ax is illustrated in the energy equation by studying
heat transfer in a two-dimensional rectangular channel with surface-mounted blocks on the bottom wall. The
SIMPLER algorithm was employed to solve the periodically fully developed channel problem. The periodically
developed flow solution and the developing flow solution from the channel entrance were compared. Calculations
were made for different values of Re, K, and geometric parameters. It is found that the inclusion of the second
source term results in the prediction of the correct temperature field. In general, any parameter that would
increase 3(Ko)/ax will strengthen the second source term effect.

Nomenclature

channel height

specific heat at constant pressure
exit length

flux

ratio of &, to k;

fluid thermal conductivity

solid thermal conductivity

length of the channel

length of the module

pressure or block length

heat flux

Reynolds number (Re = paB/u)
source term or spacing

= temperature

= bulk temperature (T, = [SuTdy/f5udy)
velocity in x direction

velocity in y direction
coordinates

global pressure drop

transport coefficient

dynamic viscosity

density of the fluid

= global temperature rise

field variable

stream function
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Subscripts

channel entrance
streamwise direction
= wall

axial direction

= minimum
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Superscripts
= periodic fluctuation
- = average value
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Introduction

HE hydrodynamic and thermal boundary layers of flows
in channels with periodic variations in flow cross sections
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are periodically interrupted. The periodic interruption of
boundary layers will result in periodically fully developed flow.
The geometry of the channel repeats itself from module to
module; consequently, heat transfer and fluid flow will also
repeat itself from module to module. The periodic variation
of flow area in channels may be the result of the periodic
variation of the shape of the channel wall or may be due to
the presence of periodic blockages in the flow path.

Patankar et al.! developed and discussed the theory of “pe-
riodically fully developed flow” in channels and its numerical
implementation. Even though the theory and development
were comprehensive, no special attention was given to chan-
nels with conducting blockages. Patankar and Prakash?® stud-
ied laminar heat transfer in periodically interrupted plate pas-
sages. Attention was given to the effect of plate thickness on
heat transfer and fluid flow. A very high value of thermal
conductivity was assigned to the solid to achieve uniform wall
temperature conditions. Other investigators®* extended the
concepts of Patankar et al.! to study periodically fully devel-
oped flow and heat transfer in channels with conducting block-
ages.

The objective of this paper is to develop a procedure to
treat periodically fully developed heat-transfer problems in
channels with conducting blockages. The treatment of mo-
mentum field remains the same as discussed in Patankar et
al.! The numerical implementation is illustrated via a con-
trived example problem.

Procedure

In this work, consideration is given to steady-state, two-
dimensional, incompressible elliptic flow in a channel with
periodically varying cross-sectional area. The periodic vari-
ation in flow cross section is due to the presence of conducting
blockages such as ribs, fins, heated blocks, and so forth. In
general terms, the two-dimensional conservation equation with
a source term is

o g (1)
ax oy
where
- 9 - e T2
Jo=pu¢ - T = ané L=pveo -T2 @

In the above equation, ¢ is a general field variable and I is
the transport coefficient. Our focus in this work is the tem-
perature field. The discussion of Patankar et al.! follows:

¢ =ox + ¢ 3)
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where o is the global temperature rise pef module and & is
the local temperature rise. Substituting Egs. (2) and (3) into
Eq. (1) and rearranging the equation we get

L UPN:Y B PR
el -] Sl -]

dpu  dpv d
+ ox [ax + ay] S — puoc + ™ To) 4
Equation (4) governs temperature fields in both solid and
fluid regions. In the solid region, the convection terms are
absent as velocities are identically zero. Because of the con-
tinuity requirement, the terms inside the third bracket on the
left-hand side of Eq. (4) adds to zero.
Defining periodic fluxes as

. ; ad
J. = pud - 5%
. . ad
J, = pve - P (5)

and substituting into Eq. (4) one gets

al, | aJ, 3
X =y — —_ R
™ + 3y S — puc " T'o) (6)

In the above equation, S is the traditional source term and
-puc and 3(I'a)/ax are the first and second source terms as a
result of periodically fully developed conditions. Therefore,
when the conservation equation is written in terms of J, it has
two additional source terms. The first source term (-puc) is
included in the earlier investigations,*# and the second source
term 3(I'o)/dx is not included. This omission of the second
source term was the motivation for examining its importance
in this work. Patankar and Prakash? considered the second
source term for a case of infinitely conducting blockage. In
this work, consideration is given to finitely conducting block-
age. Also, the effects of heat transfer and flow parameters
on the second source term are examined. The second source
term will be zero only if the cause for the periodic flow is the
periodic variation in shape of the channel wall. If conducting
blockages are present in the flow path, then the second source
term 8(I'g)/ox is not zero, as the thermal conductivity of the
fluid and solid are different. The thermal conductivity at the
solid—fluid interface will be represented by the harmonic mean
of the solid and fluid thermal conductivities. It should be
noted that the second source term will be a nonzero quantity
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only in control volumes that contain solid—fluid interface,
which are normal to the streamwise direction. In the following
section the implementation of the developed procedure is
illustrated with the help of an example problem and its ram-
ifications are discussed.

Example

Geometry

The geometry for the contrived example problem is shown
in Fig. 1. Forced convective heat transfer in a rectangular
channel with surface-mounted blocks on one of the walls is
considered. The depth of the channel perpendicular to the
plane of the paper is considered to be large enough to render
the flow and heat transfer two-dimensional. The flow in the
channel is assumed to be steady, incompressible, and laminar.
The channel walls are insulated except at the surface of the
blocks that coincide with the channel wall (the bottom sur-
face). The bottom surfaces of the blocks are heated by sub-
jecting them to uniform heat flux (¢").

The cause for the periodically developed flow in this ex-
ample problem is the presence of periodic blockage in the
form of blocks. The objective of considering such an example
problem is to be able to compare temperature fields obtained
by solving the model equations for the developing flow (DF)
with the one obtained by solving the model equations for the
periodically developed flow (PDF), as discussed in the pre-
vious section. Far from the channel entrance the flow and
heat transfer will be periodically developed. Hence, local heat
flux and temperature distribution obtained by solving the pe-
riodically developed flow problem should be the same as the
one obtained by solving the developing flow problem. Large
numbers of modules are needed to achieve periodically fully
developed flow and heat transfer. In this example problem,
five modules were included and the fourth module was con-
sidered for comparison of DF and PDF solutions.

Model Equations and Solutien Technique

The model equations and associated boundary conditions
for the DF problem are standard. As stated earlier, the main
focus of this work is the handling of temperature field in the
presence of conducting blockages. The treatment of momen-
tum field can be found in Patankar.! The PDF model equa-
tions can be written as

1) Continuity:
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Fig. 1 An example: Developing flow and periodically fully developed flow in a channel.
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2) x Momentum:

®)
3) y Momentum:
av ou P o [ v o ( ov
(e ) = F ek bR 5 (3)
)
4) Energy
o (L) 2 () 2 (e
—pCyou + % (k*o) (10)

where k* is k; in the fluid region, k, in the solid region, and
harmonic mean at the interface

p(x,y) = —Bx + P(x,y)
o=[Tkx + €¢,y) — T(x, y)}€
3 qup
a puC,B¢ (1)

B is the global pressure drop and P(x, y) is the fluctuating
component. o is the global temperature rise and T'(x, y) is
the local fluctuation. It should be noted that 8 is the input
parameter and not Re. The corresponding Reynolds number
can be calculated using the converged velocity field (Re =
piB/u). Thus, for every value of B there is a unique value
of Re.

For the DF problem the fluid is assumed to enter the chan-
nel with a uniform velocity (U,) and temperature (7). The
exit of the channel is chosen so that it is far enough from the
fifth block (d/B = 6) so that the natural boundary conditions
(du/dx = av/ax = aT/dx = 0) could be imposed.

For the PDF problem, the « and v velocities repeat them-
selves from module to module, and it is stated as u(x, y) =
ulx + €¢,y) = ,and v(x,y) = v(x + £,y) =
However, only the ﬂuctuatmg component of pressure and
temperature repeats itself from module to module. Thus,
boundary conditions are P(x, y) = P(x + ¢, y) = P(x +
2¢,y) = cand T(x, y) = T(x + €,y) = T(x + 24, y)

For both PDF and DF problems, the adiabatic condition
(8T/dy = 0) is imposed at the top wall (y = B) and part of
the bottom wall (y = 0) that is not heated. The region of the
bottom wall that coincides with the blocks is heated and this
condition can be represented as

aT ol
K, 5 = K, 5y = 4 (12)

A FORTRAN program was written to solve both PDF and
DF problems using the SIMPLER algorithm.* Convection and
diffusion terms were coupled by the power law. The set of
discretization equations for the DF problem was solved by
the line-by-line procedure by sweeping in one direction at a
time. This technique is a combination of the Tri-Diagonal
Matrix Algorithm (TDMA) and Gauss-Seidel procedure. The
technique to solve the discretization equation for the PDF
problem is the same as the one adapted for the DF problem,
except that each line along the streamwise direction was solved
by the Cyclic Tri-Diagonal Algorithm (CTDMA). For PDF
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problems, the grid-independent solution was established when
mass balance within each control volume and global heat
balance were satisfied within 1%. Based on the grid inde-
pendence studies, 149 grid lines were deployed in the stream-
wise direction and 39 grid lines in the cross-stream direction,
to solve DF problem. The grid lines were nonuniformly spaced
to capture steep gradients near the channel entrance and in
the vicinity of solid—fluid interfaces. For the PDF problem,
28 nonuniform grid lines were deployed in the streamwise
direction and 39 nonuniform spaced grid lines in the cross-
stream direction. Convergence for each run was declared when
the maximum residue of each equation was less than 105,

Results and Discussion

The governing geometric parameters of this example prob-
lem are the channel-length-to-height ratio (L/B), ratio of the
block length to the channel height (p/B), ratio of the block
height to the channel height (H/B), and the ratio of the spac-
ing between the blocks to the channel height (S/B). In this
investigation calculations were made for standard values of
geometric parameters (L/B = 16, p/B = 1, H/B = 0.25, and
S/B = 1). The governing flow and heat-transfer parameters
are Reynolds numbers (Re), Prandtl numbers (Pr), and the
ratio of the thermal conductivity of the solid to fluid (K =
k,/k;). For the purpose of illustration of the procedure and
to study the impact of the second source term in the energy
equation, calculations were made for Re = 4, 40, and 372;

= 0.7, and k,/k; = 10, 100, and 500. In addition to the
standard geometric parameters, calculations were made for
H/B = 0.5 and P/S = 2.

Figure 2 shows the comparison of streamlines for the DF

and PDF channels. In Fig. 2a the computational domain ex-

- tends from the rear half of the third block to the front half

of the fifth block. It is evident in Fig. 2a that the streamlines
are almost identical in each of the modules. The left recir-
culation pocket (between the third and fourth blocks) has a
minimum value of ¥ = —0.05103 and the right recirculation
pocket (between the fourth and fifth blocks) has a minimum
value of ¥ = -0.05101. Hence, we can conclude that the
flow is almost periodically fully developed. The streamline
distribution for the PDF problem is shown in Fig. 2b. The
minimum value of ¥ for the PDF solution is equal to —0.0508.
The value of ¥ and the shape of streamlines for PDF and DF
problems compare well and this provides a sound basis for
examining the temperature field.

The PDF temperature field should agree with the DF tem-
perature field far from the channel entrance. Thus, to examine
-the importance of the second source term the local heat flux
and temperature distributions obtained by solving DF and
PDF problems for the fourth block are compared in Fig. 3.
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a) Streamlines for DF; (¥, e = —0.05103, (¥i)rigne = —0.05101
—
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b) Streamlines for PDF; ¥ .. = —0.0508

Fig. 2 Comparison of streamlines for DF and PDF problems; Re =
40, H/B = 0.5, P/S = 1 (A¥ = 0.1 in mainstream region, AV =
0.01 in recirculation region).
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The relationship between the local heat flux and temperature

can be stated as

= *K,— = tK_r@

=K, (o + —f) = =Ko+l (14)

(13)

T.(x) = T,(x) = T,(x) — T,(x) (15)

It is evident from Figs. 3a that without the second source
term the local heat flux distribution obtained by solving the
PDF problem is significantly different from the solution ob-
tained by solving the DF problem. Without the second source
term the PDF solution underpredicts heat flux along the front
and upstream part of the top surface of the block. On the
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Fig. 6 Effect of thermal conductivity ratio on heat flux: Re = 40, Pr = 0.7; ——, DF; O, PDF with second source term; +, PDF without

second source term.

other hand, along the downstream part of the top surface and
the rear surface of the block, the heat flux is overpredicted.
It should be noted that the local temperature referred to in
Fig. 3 is actually the difference between the wall temperature
and the bulk temperature of the flow. By including the second
source term in the energy equation, the PDF solution agrees
very well with the DF solution, thus highlighting the impor-
tance of the second source term. Incorrectly predicted local
distributions of temperature and heat flux will eventually lead
to incorrect overall heat-transfer characteristics of the chan-
nel. However, no special consideration is given to the dis-
cussion of local or average Nusselt number, as the main focus

of this paper is to investigate the importance of the second
source term.

Figures 4 and 5 display the effect of Reynolds number on
the seécond source termi. From Fig. 4a it is clear that the local
heat flux distribution without the second source term for the
PDF solution is very different from the DF solution. As Re
increases, the effect of the second source term diminishes. It
can be seen in Fig. 4b that for Re = 372 the impact of the
second source term is minor. The same behavior is observed
with the help of local temperature distributions (Figs. 5a and
5b). This behavior is expected as ¢ is inversely proportional
to the average flow velocity (i), which in turn is proportional
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Fig. 8 Local heat flux distribution: Re = 40, Pr = 0.7, K = 100; ——, DF; o, PDF with second source term; +, PDF without second source

term.

to the Re. For the same reason, any factor contributing toward
increase in o would strengthen the second source term. From
Egs. (10) and (11) it is clear that the second source term
inversely varies as the Prandtl number (Pr). At higher values
of Re (Re. = 372) the DF and PDF temperature distribution
do not match well (Fig. 5b), the reason being higher Re values
require longer entrance tegion, thus warranting the inclusion
of additional blocks. Further addition of blocks reqiires pro-
hibitively large amounts of CPU time which is not available
to this investigation. ,

The effect of K on the second source term is shown in Figs.
6 and 7. At lower values of K(K = 10) the influence of the

second source term is less and when K value is increased to
500, the influence of the second source term is greater. This
behavior is echoed by both the local heat flux (Figs. 6a and
6b) and the local temperature distributions (Flgs 7a and 7b)
It is to be noted that the increase in K results in increases in
the strength of the second source term.

The effect of geometric parameters on the second source
term was studied by varying H/B and P/S one at a time while
keeping the rest of the geometric parameters at standard val-
ues as stated earlier. The local heat flux distribution for H/B
= 0.5, P/S = 1 and H/B = 0.25, P/S = 2 is shown in Figs.
8a and 8b, tespectively. Similarly, the local temperature dis-
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tribution for H/B = 0.5, P/S = 1 and H/B = 0.25, P/S = 2
is shown in Figs. 9a and 9b, respectively. From these figures
it is evident that the second source term will continue to affect
the local temperature and heat flux distributions when the
geometric parameters are altered. In this investigation only
two variations in geometric parameters (H/B = 0:25, 0.5 and
P/S = 1,2) were examined to highlight the importarice of the
second source term.

Summary

The importance of the second source term 3(Ko)/ox in the
energy equation is examined by solving a contrived example
problem Generally, heat flux at the upstream of the block
is underpredicted and heat flux at the downstream surface of
the block is overpredicted when the second source term is not
considered. Thus inclusion of the second source term results
in prediction of the correct temperature field. The impact of
the second source term is found to increase with an increase
in the thermal conductivity ratio of the solid to fluid (K) and
decrease with increase in Re and Pr. In conclusion, any pa-
rameter that would increase Ko will strengthen the second
source term warranting its inclusion in the energy equation.
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